0

COLORADO SCHOOL OF MINES
ELECTRICAL ENGINEERING DEPARTMENT

EENG 577

ADVANCED ELECTRICAL MACHINE DYNAMICS FOR
SMART-GRID SYSTEMS

M2-P2 Transformer State Space Models

Dr. A.A. Arkadan

O ELECTRICAL ENGINEERING



Introduction to State-Space Equations Video -
MATLAB

(mathworks.com)
Introduction to State-Space Equations Video - MATLAB



https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=&cad=rja&uact=8&ved=2ahUKEwibp7-ipa33AhVRDzQIHTa6AnsQFnoECAoQAw&url=https%3A%2F%2Fwww.youtube.com%2Fwatch%3Fv%3DhpeKrMG-WP0&usg=AOvVaw1ptQRjER3fPUVtZxLT0RO-

State Space Modeling

* The differential equations used to model the dynamic performance of
an electromagnetic device in general are derived from the interaction
between the device windings.

* For adevice with “n” windings, one can write the voltage equation for

cach winding. A general expression of the following form can be used to

express the terminal voltage, v; of winding ;:
L Y
'Uj = T'jlj +E{ ]}

where, A;is the flux linkage of the j” winding.



The flux linkage of the coil, 4;, can be expressed in terms of the coil self-
inductance, its current, as well as the mutual inductances and currents associated
with all coupled windings, where 7; is the winding Ohmic resistance, i; is the jj,
winding instantaneous current.

* In a device with n windings, the flux linkage of the j winding can be expressed

as follows:

4 = Yie=1 Lji i

» Using the above equations results in the following voltage expression for coil j:

s diq diy
Vj = Tjlj + leE + ...t L]nE



|. Single Phase Transformer State Space Model

Consider a single-phase
transformer with a primary

winging “p” and secondary
winding “s”
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The voltage equations for a single-phase

€6 99 f

transformer with a primary winding “p 5 ()

: : (1P =
and secondary winding “s”, and voltages v,

and v, can be expressed as follows:
d Ay
dt

. dAg
US=TS'l5+E

vp=7"p'lp+

Moreover, the flux linkage of the n and p windings can be expressed in

terms of the winding’s currents and self and mutual inductances as follows:

Ap = Lpp - 1y + Lys - i

As = Lgg + ig + Loy * by



Based on the above, and assuming a linear unsaturated magnetic core, and
assuming L, = L ,= M, the State Space, SS, model equations for the

electromagnetic system considered can be represented as follows:
. d . d .

. d . d .
V= T; LS+MELP+LSSaLS

In matrix form:

1= Il L )l
Us 0 Ts is Lsp Lss dt is



Now 1f we define:

, , rm 0
A resistance matrix as R= 0

rS
L L
An inductance matrix as L=| ,°? ps
Lsp Lss

i
A current vector as IZL.p]
S

And a voltage vector as V=| |
S

The system SS model can be written as:

d(L-T)

V=R-1+
dt



* Assuming a linear unsaturated magnetic core,

d(I)

V:RI+L?

. . . : adl
 Rearranging the equations and defining I = % and L1 as 1/L, one gets:

I=-LY' (R -I+L1.v

* Solving this set of deferential equations would result in the values of the state

L
space variables vector I=’l.p]
S

* The equation above can be written in a general form as follows:
X=A-X+B-U

* It can be solved using Euler’s or Runge Kutta’s Methods as shown below.



A Case Study

* Write the governing voltage
equations for v (t) and v,(t) in
terms of currents i (t) and i (t)
given Z,,,4=R, +jX|

vp(t)q) =\




* Assuming a linear unsaturated magnetic core,

V=R- 1+L@

» Rearranging the equations and defining I = % and L1 as 1/L, one gets:

I=-LY' (R -I1+L71.v
: -1 : -1
i[lp] __ Lpp  Lps [Tp O] [lp] + Lpp  Lps [vp]
dt iS LSp LSS O TS iS Lsp LSS vS
* For the case when the secondary load, ZLoad, is of the inductive type (r; & L;),

one can substitute vg= i Z; 4= 11ls + Ll |nto the above state space
equation.

» After few steps, the state space model can be written as,

U [Lsp (LSS+L1)] [o (rs+rl)] LZ]Jr[Liz (LSS+L1)] vp]

* Solving this set of deferential equations would result in the values of the state

, L
space variables vector I=L.p]
S



Solution of State Space Equations

Euler’s Method

d
y = d—{ = f(t,y),y(0) = y0

Input t, and y,.

Input step size, h and the number of steps, n.
for jj from 1 ton do

a. t .=t +h

b. ¥ni1= ¥n +h X1(t,,y,)

c. Printtandy

end



State Space Model Sample Matlab Code Using Euler's Method:

%% State Space Model (Euler's Method)

R =[0.0423 0;0 (0.1172+40.922)];

L =[0.0276 0.062; 0.062 (0.14467+0.0814)];
Vp = sqrt(2)*120;

n =60;

h=0.000167; % step size

t=0:h:0.1; % the range of t

x = zeros(2,length(t)); % Calculates upto x(360)

K=1[1;0],
A= -inv(L)*R;
B =inv(L);
u=K*Vp;
dx =@(t,x)(A*x+ B*u*sin(377*t+pi/2));
for i = 1:(length(t)-1)
t(i+1) = t(i)+h;
X(5,i+1) = x(:,i) + h ™ dx(t(i),x(:,1));
end
plot(t,x(1,:),t,x(2,:))
legend({'11','12'})
xlabel('time")
ylabel('Current Values')
title('Euler Method')



Solution of State Space Equations

4th-Order Runge Kutta’s Method for ODEs

dy
y = =f(ty),y(0)=y0
Input t, and y,,.
input step size, h and the number of steps, n

for jj from 1 ton do
a. k1= f(tn, yn)

b k2=f(ta+2, Yu+hx")

C k3= f(ta+2, Yoth x D)

d k4 = f(t, + h, y,+h X k3)

€ Yo=Y, T % X h X (k,tk,tk;+k,)
f. Printtandy

end



State Space Model (4th-Order Runge Kutta Method for ODESs)

%% State Space Model (4th-Order Runge Kutta Method for ODES)
tspan = [0 0.167]; % time step
iniCon =[0;0]; % Initial value of state

[t,y] = ode45(@myode, tspan, iniCon);
plot(t,y(:,1), t,y(:,2));

function dx = myode(t,x)

R =[0.042 0;0 (0.117+40.922)];

L =[0.0276 0.0629; 0.0629 (0.14467+0.0814)];
Vp = 120*sqrt(2);

A =-inv(L)*R;

B =inv(L);

K =[Vp;0];

u = K*sin(377*t+pi/2);

dx = A*x+ B*u;

end



Il. Three Phase Transformers

Consider a three-phase transformer with six windings:
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The Flux linkages for the coils are as follows: o —t— o T—

L8 7

Apl = Lpip1 *lp1 + Lp1pz ¥ lpz2 + Lp1ps * ip3 + Lp1s1 * Us1 + Lp1sp * Isp + Ly1s3 * I3
Ap2 = Lpap1 * ip1 + Lpopa * Ip2 + Lpopz * ip3 + Lpast * U1 + Lpasz * Is2 + Lpzss * is3

Ap3 = Lypspy *ip1 + Ly * iy + Lpsps * ip3 + Lyzsy * is1 + Lpssn * gy + Lpzss * i3

As1 = Ls1p1 * Tp1 + Lsipz * Ip2 + Lg1p3 * Up3 + Ls1s1 * Us1 + Lg1sp * Uz + Ls1s3 * I3
Asz = Lgap1 *ip1 + Lgapo * ipg + Lsaps * ipg + Lgpsr * Igy + Lspsp * isa + Lgpgs * I3

As3 = Lgzp1 *ip1 + Lgzpo * ipg + Legpz * ipg + Lgzsq * Igy + Lggsp * isa + Lg3g3 * g3



In this case, the subscripts 1, 2, and 3 correspond to phases a, b, and c. As
such the self and mutual inductances are as follows:

o [ Lpzpz, Lp3,03 are the primary self inductances for the a, b, and ¢ phase coils

pip1
respectively

* L1, Looso Loss3 are the secondary self inductances for the a, b, and ¢ phase
coils respectively

* Lyss1 Lpisa Lp1ss @re the mutual inductances primary a phase winding and
secondary a, b, and c phase windings respectively

* Ls1p1, Ls1par Ls1ps @re the mutual inductances between the secondary a phase
and primary a, b, and c phase windings respectively

* Lyost: Lposz Lposs a@re the mutual inductances between the primary b phase

winding and secondary a, b, and c phase windings



* Loop1 Lsapar Lsps are the mutual inductances between the secondary b phase
and primary a, b, and c phase windings respectively

* Lyss1 Lpgsz Lpsss a@re the mutual inductances between the primary ¢ phase
winding and secondary a, b, and ¢ phase windings

* Logps Lsspr Lszps are the mutual inductances between the secondary ¢ phase
and primary a, b, and c phase windings respectively

o L L,,,3 are the mutual inductances between the primary a phase winding

pi1p2
and the primary b and c phase windings respectively

* Lyop1 Lpsps  @re the mutual inductances between the primary b phase winding
and the primary a and c phase windings respectively

o L L,3p, are the mutual inductances between the primary ¢ phase winding

p3p1’
and the primary a and b phase windings respectively



* L, Ly,s3 are the mutual inductances between the secondary a phase winding
and the secondary b and ¢ phase windings respectively

* Loos1 Lsosz  are the mutual inductances between the secondary b phase winding
and the secondary a and c phase windings respectively

* L4, Ly, are the mutual inductances between the secondary ¢ phase winding
and the secondary a and b phase windings respectively

Also, the winding currents are as follows:

. ip1, ipz, ip3 are the currents in the primary a, b, and ¢ phase windings

respectively.

* Iy, Isp, Ig3  are the currents in the secondary a, b, and ¢ phase windings
respectively.



Three-Phase Transformer State-Space (SS) Model

« The single-phase transformer state space model presented earlier is
extended and applied to the case of a three-phase transformer.
» Again, the SS Model governing the transformer performance can be

expressed as:
d(L-I)
V=R-I+ I
Where for the 3-phase transformer, the primary windings are p1, p2, and
p3. Also, the secondary windings are s1, s2, and s2.

As such, the following can be defined:
V11

V =|_P?| is the voltage Vector,

l .
| = | P3| is the current Vector,




and

Lplsl
Lp251
Lp351
LSlSl
LsZsl
LS3Sl

O O O O

Lp152
Lp252
Lp352
LSlSZ
LsZsZ
L5352

is the resistance matrix,

Lp 1s3 |
Lp252
Lp353
LSlS3
L5253

L5353_

is the inductance matrix



This results in the following state space equation:

vp1 e 0 0 0 0 0\ /im
vpz\ 0 7, 0 0 0 0 ipz\
0 rs 0 0 0 ip3

0 0 r4, 0 0

Vsz / \0 0 0 7, O / 152 /
Vss 0 0 0 0 7rg/ \ig

f/l‘plpl Lplpz Lp1p3 Lplsl Lplsz LplsB\ / )
L A
p2

p2pl Lp2p2 Lp2p3 Lszl LszZ LszZ
d Lp3p1 Lp3p2 Lp3p3 Lp351 Lp352 Lp3$3

S OO OF

dat lepl lepz lep3 lesl lesz LSlS3 isl

\L82p1 L52p2 L52p3 Lszs1  Lsas2 LSZSB/ \i52/
\ L53p1 L53p2 L53p3 Lsle LS3SZ LS353 ls3

J



Assuming a linear unsaturated magnetic core,

V=R-1+L%D
dt

Rearranging the equations and defining [ = %? and L™t as 1/L,

one gets:
I=-L"Y-R-1+L71.v

It can be appreciated that the main parameters of the above SS
model are the winding inductances. These inductances can be
determined from measurements or from computational
electromagnetic Finite Element, FE, field solutions.

Solving this set of deferential equations would result in the values
of the state space variables given in vector /.

The equation above can be written in a general form as follows:
X=A-X+B-U

It can be solved using MATLAB and the Euler’s or Runga Kutta’'s
Methods.



Three-Phase Transformer with an R-L Load SS Model

The above SS model can be used when the transformer is connected to a
load, where the secondary windings’ voltages are related to a load, Z;,,,4, of

components r; and L; . In such case, the secondary voltages are expressed
in terms of the load as:

; di
Vg1 = _(Tllsl + L, dil)

; digo
Vgsp = _(Tllsz + Ll dt )

; digs
Vg3 _(TllSS + Ll )



Ip2
4| e
dt | iy,
Ls2
i53
Lplpl Lplpz Lp1p3 Lplsl Lplsz Lp133 -
Lp2p1 Lp2p2 Lp2p3 Lp251 Lszz Lp252
_ Lp3p1 Lp3p2 Lp3p3 Lp3$1 Lp352 Lp3$3
B lepl lepz L51p3 lesl + Ll lesz les3
L32p1 L32p2 L32p3 LsZsl LSZSZ + Ll LsZsS
Ls3p1 Ls3p2 Ls3p3 Ls3sl Ls352 Ls3s3 + Ll
T 0 0 0 0 0 ip1
0 7, O 0 0 0 o
o 0o om0 0 0 |, | i
0 0 0 714 +m1m 0 0 Is1
0 0 0 0 Tsp 177 0 Igo
0 0 0 0 0 Tsp + 17 I3
Lpipt Lpwe Lpwps Lyt Lpie Lo \© o
Lp2p1 Lp2p2 Lp2p3 Lszl LszZ LpZSZ Upz
+ Lp3p1 Lp3p2 Lp3p3 Lp351 Lp352 Lp3s3 Ups3
lepl lepz L31p3 lesl + Ll lesz lesS 0
LsZpl LsZpZ L52p3 LsZsl LsZsZ + Ll L5253 0
L33p1 L33p2 L33p3 Ls3sl LS3SZ Ls353 + Ll 0

Solving this set of deferential equations using the using Euler’s or Runge
Kutta’s Methods in MATLAB, as was showed earlier, would result in the values
of the state space variables vector I.
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