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Schematic diagram of a two-pole, three-phase synchronous machine
(a) cylindrical-rotor without damper bars

(b) Salient pole rotor with damper bars
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(a)

(a) An ac machine with a cylindrical or nonsalient-pole rotor.
rotor.

(b) An ac machine with a salient-pole






Synchronous Machine State Space Modeling Approach

The differential equations used to model the dynamic performance
of electrical machines in general and three-phase machines are
derived from the interaction between the armature windings, field,
and damping circuits.

For each of these machines we can write an equation in terms of
flux linkages. Hence, a general expression of the following form
can be used to express the terminal voltage of winding | :

. d
Uj = lej + a{/l]}

where, r; Is the winding Ohmic resistance, i; is the winding
instantaneous current, and 4; is the flux linkage of the j*" winding.

The flux linkage of a coll, j, can be expressed in terms of the coil
self inductance, its current, as well as the mutual inductance and
currents associated with all coupled windings.



Synchronous Machine Inductances

For the 2-pole synchronous generator
shown, the machine is represented by six
windings:

— the windings a, b and c represent

the armature three phase a, b and
c, respectively,

— the winding f represents the rotor
field winding, and

— the equivalent windings k4 and k,
represent the squirrel cage type
damper bars which are embedded
in the pole faces of the rotor
structure.
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Consider a synchronous generator with the following windings:

Axis of

phase b
- Three armature phases: a, b, ¢ Quadrature
. Flelc_l winding: f o ain on
- Equivalent damper bars windings: kd and kq e

winding

Stator
Field

The machine winding inductances can be defined as follows: collar

The stator inductances:

- Stator Self Inductances

L.=L,+L,+L, cos(28)

Here L.y is the component of the self inductance due to the space

fundamental of the air-gap flux and L, is the component due to armature
leakage flux. Also, @ is the rotor angle.

Similar expressions apply to Ly, L.

L,=L,+L,+ L, cos(26 + —2;)

L. =L +L,+L, cos(26- ZTE}



Stator Mutual Inductances une

Quadrature

axis
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The armature phase-to-phase mutual inductances:

Main —

L 27 i‘:elid
Ly sl = ——y L, cos(260 ——) i dn:e, . ket
2 3 collar s
L
L, =L,=-=40+L cos(26) g
L2 2 phxaI:eoc
T
Lac = Lca = ——‘;-0_ + Lg COS(29 + "3—)

Again, L, is the inductance due to the space fundamental of the air-gap flux.
The -1/2 is because the armature phases are displaced by 2n/3 and cos(2n/3) =
cos(-2n/3)=-1/2

The Rotor Inductances

The field self inductance

Ln‘: Lﬂy+Lﬂ
Here Ly is the component of the self inductance due to the space fundamental
of the air-gap flux and Ly, is the component due to field winding leakage flux.



The rotor field to stator phase winding mutual inductance

L,=L,=L, cos(8)
Similar expressions apply to phases b and c, that is Ly, Ly, and, Ls L,
with (8) replaced by (0-2n/3) and (0+2n/3), respectively. That is

L,=L,=L, cos@ —z?ﬂ'}

L,=L, =L, cos(f+ %)

The rotor damper bars are represented by two windings, kd and kq.

Liakd and Lygyq are the damper bars equivalent self inductances:
Liakd=Lraa= constant

Ligkq=Liqkq= constant
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The stator to damper bars equivalent winding mutual inductances are given as:

Mutuals with kd
Lul;d - Lkdu - Lu.tdm CﬂS(H}

Similar expressions apply to phases b and c, that is Lyyg, Lias and, Lexd, tide,

with (8) replaced by (6-2n/3) and (0+2n/3), respectively.

L..,=L,=L,, cos(@- -23£)

Lii = L = Ly c08(6 + %E)

Mutuals with kq

The equivalent winding kq has similar expressions

to those of kd except for a
phase shift of n/2. That is

Ly, =L, =L mcos(€+i;-)

Ly, = Ly = Ly, cos@+ % - 2%

akqm 2 3
T 2z
Lch; = qut‘ = Lﬂkff"‘ eas(Cs -5 ’ T)
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As for the rotor to rotor mutual inductances:

Lpa = Lygr = Constant

Ly = Ligr = Liarg = Ligka = 0 Due to the /2 displacement between them.

The flux linkages can be expressed in terms
of the inductances and currents as follows:

A, =L, i, +L,i,+L i + L,i,
Ay =Ly, +Lyi, +L,i +L,i,

A =L, +Lyi,+Li +L,i

+L i, + Lﬂwf,w
+ L i, + Lmi,w

+ Loy + Loy iy,

A =Lgi, +Lgi, + Lgi, +Lgi, +Lgjiy, + L, i,

A =Lygi, + Loy, + L i +L

Ay = Ligi, + Ly yiy, + L i, +L

**&'I

u,f‘; + Lypgipy + quh‘r ky

- !_,,EE by + Lmq.ltq
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State Space Equations

A general expression to express the terminal voltage of winding | :
. d
Uj = rjlj + E{Aj}
where, 1; is the winding Ohmic resistance, i; is the winding
instantaneous current, and 4; is the flux linkage of the j*" winding

In the above equation, the flux linkage in the coil j is related to the

currents in the coupled coils through the self and mutual inductances as
follows:

n
k=1

where the subscript j denotes the coils of interest, n is the number of coils, and
the subscript k ranges from 1 to n. In this case, n=6 and it covers the armature

phases a, b, and c, the field winding f, and the equivalent damper windings kd
and kq.
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The SS model stated above can be transformed using compact matrix
notation as follows:

V =RI + %{A} where A= LI thus resulting in:

d
V = RI+—{Li]

Accordingly, the synchronous generator with three armature phases a,

b, c, the field winding f, and rotor equivalent damping circuits ky and k
can be represented by a 6! order SS model as follows:

S
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In the above equation, the currents are used as state variables. The
last term in the above equation can be expressed as follows:

0= (L)

For the unsaturated and slightly saturated machines, the above equation
can be expanded as:

(el

where 0 is the electrical rotor position angle, measured from a fixed
reference, and w is the angular speed in electrical rad/s.

15



Combining the above equations, results the following SS model:

V=RI+ ol 14
L R P IERE T

The array lrepresents the current of the six windings.

The array Y represents the terminal voltages of the six windings with

Vig = 0 and v,, = 0 as they represent the terminal voltages of the
equivalent shorted windings representing the damper bars.

The diagonal matrix R represents the resistances of the machine
equivalent windings, including the damper bars equivalent windings, and
The matrix Lrepresents the machine self and mutual inductances.

The values of the currents can be determined numerically for any

set of initial conditions and terminal voltages, and .
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In addition, it should be noted that the circuits representing the three-phase loads
are linked to the machine model through the terminal voltages. In the case of a
three-phase Y-connected RL load, the armature terminal voltages can be expressed

as. , . .
di . dlb . dlc
UV, = —Tlia — Ll—a Vp = —Tlp — Ll% and Ve = —Nlc — Ll%

where r, and L, are the load per phase Ohmic resistance and inductance,
respectively. Using the equations above, the SS model for a single generator
feeding a three-phase Y connected RL load can be written as follows:

‘01 [+ O 0 0 0 07ri,]
0 s+ 71 0 0 O 0 ip

0
0 0 0 rs+r, 0 0 0 Ic
oo el I 0 o r o0 0]
0 0 0 0 0 7y 0| |irg
0 0 0 0 0 0 7l likgl
(TLaa + Ly Lap Lgc Laf Laka Lakq | Iy 1)
Lpq Lyp + Ly Ly Ly Lpka  Lpkg ip
+i< Lca ch Lcc + Ll ch Lckd Lckq ) l:c ,
dt Lsq Lep Lec L Leka  Lyrg L
Lyda Lyap Lrac  Lrar Lkaka Likdkq l:kd
\l Lkga Lign Lige  Likgr Likqka Likgrql kad)
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Axis of

Synchronous Machine Inductance Expressions phese’s

Axis of
phase b

Consider the synchronous machine shown, which has: G
v' Three armature phases: a, b, ¢ e ator
v' Field winding: f i st
v' Damper bars equivalent circuits: kd and kq Darer T

The flux linkages are expressed in terms of inductances and currents as:
Aa = Laaia + Labib + Lacic + Lafif + Lakdikd + Lakqikq
Ap = Lpglq + Lppip + Lpcic + Lpsis + Lpgalka + Lpkqlixg
Ac = Lcaia + chib + Lccic + chif + Lckdikd + Lckqikq
Af = Leglq + Lepip + Lecic + Lesip + Likaixa + Likgikg
Aka = Lkaala + Lkapiv + Lracic + Liagis + Lixakaika + Lkqkqlikg
Akg = Ligala + Ligpip + Ligcic + Liqris + Lkgraika + Lkqkqlig

Where:

L... Ly, @nd L. are the Stator Self Inductances

L« is the Rotor Self Inductance

L and L, are the Damper Self Inductances

L.y Lacr Lpar Lper Lea @nd L, are the Stator-to-Stator Mutual Inductances

L.i» Ly Les @nd Le, Ly, Ly, are the Stator and Rotor Mutual Inductances

Lakds Lakgr Lokds Lokgr Lekdr Lekq @M Ligas Ligar Lkdbr Lkgpr Lkder Lkge @r€ the Stator-to-Damper
Bars Mutual Inductances

Likar Lig @Nd Ly Liqr @re the Rotor-to-Damper/Damper-to-Rotor Mutual Inductances,
respectively

ANANE N NE NN

(\
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Typically, the inductances for a 4-pole machine have the following relationships:

L_=L_+L_cos(26)
4r

Ly,=L_+L_ cos(26- 3 )
20

L. =L_+L_cos(260- 3 )

2
‘E'-.'rn'.'r = I'l'.'m' = —I."m—FI.m,I.CGS(EH - 3 :]
L,=L_=-L +L cos26)

4
L. =L_=-L, +L, cos(26- ST]
L,=L,=L_, cos(20)

2T

47

where @ is the rotor angle.

I’m‘rd = I'?m'er = I’m‘m’m CGQ(ZH:}

2
L, =L,,=L,, cos(26— 3 )
4
I‘m‘.‘d = I‘:‘m‘b = I‘m‘rd'mcﬂgl'izﬁ - ;r]
Lakq = qua = _Lakqm CDS(ZB)
21
Lykq = Ligp = —Lakqm cos(20 — ?)
49T
Lckq - quc - _Lakqm COS( 20 — ?)
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* A Case Study

» Consider the synchronous generator
shown in Fig. 3. It is a three-phase, field
wound, 4-pole ac generator with
brushless exciter, rated at 90 kVA, 208 V,
and 400 Hz.

« The main field coil of the machine has
four windings connected in series that
form four poles on the rotor structure.

* The rotor assembly includes a damping
circuit made from squirrel cage type bars
located on the rotor pole surfaces. There
are five rotor dampers per pole face (20
rotor bars total).

* The stator houses the generator three-
phase armature winding, which is
distributed in 48 stator slots as shown in
Figure 3. Fig. 3: Cross Section of a 4-pole distributed

windings Synchronous Generator

20



A Case Study (Continued)

Figure 3 also shows the
conductor distribution of the
three phases where the phase
windings are indicated with A, B
and C, as well as (+) and (-)
symbols which represent
positive and negative current
directions, respectively.

The current distribution of the
phase windings as well as the
associated mmf distribution of
the three phases is depicted in
Figure 4, where the mmf
waveforms of the three phases
are shifted by 120° relative to
each other and each waveform
is closer to a sinusoidal
waveform.
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Fig. 3: Cross Section of a 4-pole distributed
windings Synchronous Generator

21



q-axis

B-axis

C-axis —

Fig. 3: Cross Section of a 4-pole distributed windings Synchronous Generator
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Inductance Family of Curves Approach

= The machine winding self and mutual inductances represent the main parameters of
the state space, SS model.

= Furthermore, inductances are functions of the rotor position, as well as the load
current, due to the magnetic material nonlinearity and saturation effects.

= In order to account for these effects, as well as the machine complex geometry and
conductor distribution layout, a coupled Finite Element-State Space, FE-SS, model
approach which makes use of the Family of Curves, FC, technique can be
Implemented to predict the performance characteristics of a machine.

= Aflow chart describing this approach is given in Fig. 5.
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Generally, this approach involves
computing sets of inductances
corresponding to a range of load
conditions, usually represented by a
range of currents (spanning the range
from no-load condition to full load
condition, in increments.

The range of excitation currents is
chosen to cover all possible operating
conditions.

For each rotor position, the field
solutions corresponding to the range of
the excitation current are computed.
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»| Excitation

Currents

| 2o-FE
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Load Current
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F Y
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Fig. 5: Flow Chart of Family of Curves Approach
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Case Study Details

Consider a three-phase, field wound, 4-pole ac synchronous
generator with brushless exciter, rated at 90 kVA, 208 V, and T
400 Hz, whose cross-section is shown. el ale g

For full details on the application of the state space model
developed above, see the following paper:

Arkadan, A.A., Abou-Samra, Y. and Al-Aawar, N.,
“Characterization of Stand Alone AC Generators during No-
Break Power Transfer using Radial Basis Networks,” IEEE
Trans. on Magnetics, Vol. 43, No. 12, pp. 1821-1824, April
2007.

Cross-section of a 4-pole distributed windings
Synchronous Generator
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