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Abstract: In this first of a set of two companion papers on switched 
reluctance motor drive systems, the results of using a state space model 
to predict a motor-drive system dynamic performance characteristics 
under normal operating conditions are presented. Using this approach, 
the state space model parameters are determined from series of non- 
linear magnetic field solutions, thus accounting for magnetic material 
nonlinearities and space harmonics due to the motor geometry. The 
method is applied to a 6/4, 0.15 hp, 5000 r/min switched reluctance 
motor and resulted in the machine inductances, which compared fa- 
vorably to measured values. Using these parameters in the state space 
model, the dynamic performance characteristics of the motor drive sys- 
tem are predicted and verified by comparison to experimental data. In 
addition, the effects of mutual coupling between motor phases on the 
analysis results are evaluated. 
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INTRODUCTION 

Switched reluctance motors (SRM’s) were developed in the late 
1800’s, but have seen little use in practical applications. They are 
among the simplest of all rotating machinery. These motors have no 
form of excitation on the rotor, which eliminates the need for brushes 
or slip rings, and this type of motor is quite rugged and durable with 
little need for servicing or upkeep. In spite of these apparent advan- 
tages over other types of motors, the SRM’s have not been widely 
used until recently because of the difficulties involved in their control. 
However, with the advances in control technology and the availability 
of power electronic components, switched reluctance motors are be- 
ing developed for a wide variety of applications as an alternative to 
other types of motors where a high degree of reliability is required. 
Because of this, much of the recent literature concerning switched re- 
luctance motors has been centered on the development of low cost 
drive systems and effective methods for controlling the devices [l-51. 
In addition, much effort has gone into developing effective ways for 
modeling switched reluctance motors in order to optimize their design 
and operation. Singh and Kuo [6] utilized a state model approach with 
measured incremental inductance values in order to model the perfor- 
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mance of an 8/6 switched reluctance motor. Stephenson and Corda 
[7] used a similar method with the exception that measured flux link- 
age/current/rotor position data was used to calculate the torque and 
current of a switched reluctance motor. Manzer et al [8] used a sim- 
ilar approach with a bivariate polynomial representation of the mea- 
sured flux linkage data. Torrey and Lang [9] presented a model which 
is based on the use of measured flux linkages/current/rotor position 
curves to account for magnetic nonlinearities of the motor. The draw- 
back with these approaches is that measured motor parameter data is 
used, which requires the construction of the actual device. Other ap- 
proaches involving the use of magnetic field solutions can be found in 
the literature [10,11]. In the work of Wallace and Taylor [lo], magnetic 
field solutions were used to model an SRM in a study to reduce the 
torque ripple. Meanwhile, in the work of Moallem et al [ l l ]  magnetic 
field solutions were used to predict the torque of switched reluctance 
machines utilizing a variety of approaches. In most of the published 
literature on SRM drives the effects of mutual inductances were ne- 
glected when predicting the SRM drive system performance due to 
the nature of the motor. However, in the work of Moriera and Lip0 
[12], these effects were studied for a four phase SRM. Also Peterson 
and Lyons presented a model which accounts for mutual coupling and 
suitable for SRM drives with multi-phase excitation [13]. 

In this work, a state space modeling approach is presented which 
is based on the use of series of nonlinear finite element magnetic filed 
solutions to determine the self and mutual inductances of a SRM. The 
main advantage of using this modeling approach, in comparison to 
other approaches [6-131, is its suitability for integration in an iterative 
approach to predict the system performance under fault conditions as 
described in a companion paper [14]. Other advantages include the 
ability to account for nonlinearities due to materid saturation and 
the effects of space harmonics due to the motor geometry. In this 
paper, the state space modeling approach is presented. Furthermore, 
the effects of mutual coupling between motor phases are evaluated 
and the performance characteristics of the SRM drive system are pre- 
dicted under normal operating conditions and verified by comparison 
to measured data. 

SWITCHED RELUCTANCE M O T O R  DRIVE SYSTEM 
DESCRIPTION 

The Switched Reluctance Motor drive system consists of the SRM 
itself, the inverter used to supply power to the motor, the controller 
used to control the switching of the inverter, and the hysteresis brake 
used to load the motor. A block diagram of the drive system is shown 
in Figure (1). The SRM utilized for the analysis is a 6/4 machine, 
where 6 designates the number of stator poles and 4 designates the 
number of rotor poles. The three-phase motor has a 0.15 hp rating 
at 5000 r/min. A cross section of the machine is shown in Figure 
(2). The coils of diametrically opposite stator poles are connected in 
series to aid each other and to form one phase of the machine. The 

0885-8969/94/$04.00 0 1993 IEEE 



37 

- 
Controc - 

Circuitry - 
- 

motor consists of three phase windings designated as (a), (b), and (c). 
The inverter configuration used for this analysis is shown in Figure 
(3). The switching sequence in which each phase is ‘on’ for 30” is 
shown in Figure (4). When a phase is ‘on’, the two transistors for 
that phase are turned ‘on’ and the dc supply voltage is placed across 
the phase winding. When a phase is ‘off’, the transistors are turned 
‘off’ and the energy stored in the motor winding is returned through 
the antiparallel diodes to the de murce. This inverter configuration 
is perhaps the simplest of configurations which provide regeneration 
capability. However, the main disadvantage is that the codguration 

requires two transistors per phase which dominate the cost of the in- 
verter. A constant speed controller was developed which used position 
feedback from an optical encoder to switch the motor phases every 
30’. In addition, the offset of the switching from a fixed reference was 
also controlled. For full details, reference [15] should be consulted. 

- - - 
I n v e r t e r  - C u r r e n t  
Ci rcu i t ry  - Transf orners - - 

SWITCHED RELUCTANCE MOTOR D R N E  SYSTEM 
STATE SPACE MODEL DESCRIPTION 

A lumped parameter state space model for the dynamic analyeis 
of SRM’s, which is based upon a three winding representation of the 
motor phases, is presented. The three phase windmgs are designated 
by (a), (b), and (c). The differential equations used to model the tran- 
sient and dynamic performance of electrical machines in general are 
derived from the interaction among the phase windings. Accordingly, 
for a j f h  winding in a system of three magnetically coupled coils, a, b, 
and c, in a given machine, one can write the following for the terminal 
voltage of the j t h  coil [16]: 

Here j, k =a, b, and c. Also, rj is the Ohmic resistance of the j t h  
winding, X j  is the flux linkage of the j t h  winding, and B is the rotor 
position from a k e d  reference. The first term on the right hand side 
of equation (1) represents the Ohmic voltage drop, the second term 
represents the transformer voltage, and the last term represents the 
rotational voltage. In addition, the term 

represents the incremental inductance of the jk*h winding. The super- 
script inc will be removed for simplicity. The term 

Fwure (2): Motor Crosa Section 

Figure (3): Inverter Configuration 

de - = w, dt (3) 

Figure (1): Schematic of the SRM Drive-Load System 
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I I i i0 do 40 li0 150 180 

Switching Angle (Des.) 

Figure (4): Switching Sequence 

represents the mechanical speed in radians per second. Equation (1) 
can be written in matrix form as: 

( 4 )  

where the matrix L is: 

As shown in equation (5), the diagonal terms, Loa, Lw, and LE, 
represent the SRM self inductances for phases (a), (b), and (c), re- 
spectively. Meanwhile, the off diagonal terms, Lab, &, Lac, Lea, La ,  
and Lcb, represent the SRM stator phase to phase mutual inductances. 
Those mutual inductances are accounted for in the model in order to 
determine their effects on predicting the device performance. The term 
Y in equation (4) is as follows: 

where va, Vb and v, represent the SRM phase voltages for phases (a), 
(b) and (c), respectively, and the superscript T denotes the transpose 
of a matrix. The matrix B. represents the phase resistances: 

Also the term I of equation ( 4 )  is as follows: 

€=[in ib i c y  (8)  

where in, i b ,  and i, represent the SRM phase currents. 

In addition, the effect of the electromechanical torque on the state 
model can be deter&ned by incorporating the relationship: 

(9) 

where wm is the rotor speed in radians per second, J is the inertia 
of the rotor, T,, is the developed electromechanical torque, B is the 
coefficient of viscous friction, and TL is the load torque. .The developed 
torque was calculated using the well known relationship [17]: 

where: 
P = ei 

and e is the rotational voltage term of equation (4) .  

The values of the currents in, i b ,  and i,, of equation ( 4 ) ,  and the 
rotor speed, wm, of equation (9) can be determined numerically for any 
set of initial conditions and terminal voltages w,, Vi,, and w,. As can be 
appreciated from equation (4), the main parameters of the state space 
model are the stator winding inductances of equation (5) .  The results 
of determining these parameters as obtained from nonlinear magnetic 
field solutions and measurements are discussed below. 

STATE SPACE MODEL PARAMETERS 
DETERMINATION 

When considering electronically operated machines, such as the 
SRM, the currents and mmf's are no longer sinusoidal. In addition, in 
order to accurately calculate the inductances for the SRM, one must 
keep in mind that the inductances are dependent on load. Therefore, 
it is necessary to determine a new set of machine inductances at each 
load condition. Also, due to the high time rate of change [dildt]  of 
the currents, accurate knowledge of the self and mutual incremental 
inductances is necessary when saturation is an important factor, which 
can be the case with switched reluctance motors. 

An energy and Current perturbation approach applied to numerical 
magnetic field solutiqns provides the basis for the calculation of the 
machine self d d  mutual incremental inductances in this work. This 
approach bas been developed and experimentally verified in earlier 
works 116,181. In order to calculate the machine self inductances L,, 
used in the state model equations for the j=a, b, and c windings, the 
global eitergy W at the quieseent or operating point is first calculated. 
Next, the current through the it* coil is perturbed both positively and 
negatively by a small amount Ai, where Aij is a small amount of the 
rated current of the machine. This gives two energia, W(i,  + Aij )  
and W(i,  - Ai,)  which along with the global energy W are used to 
calculate the incremental self inductance at a given load condition 
using the following energy expression: 

L,, = [W(i, - Ai,) - 2W + W(i, + Ai3)]/(Ai,)' (12) 

Next, in order to calculate the machine mutual inductances LJk for 
the j, k = a, b, and c windings, four perturbed energy solutions are 
required. The current in both the j and k coils is perturbed both 
positively and negatively by a small amount Ai, and Aik. This gives 

Ai,,ik - Aik), and W(i,  - Ai,,& - A&) which are used to calculate 
the incremental mutual inductance at a given load condition using the 
expression: 

four energies, W(i, 4- Aij,ik + Aik), w(i, - Ai,,ik 4- A&) ,  w(i3 + 

L,k = [ w ( i ,  -k AiJ,  ik  + &) 
- W( iJ - Ai,, i k  -I- h i t )  
w( i, + Ai,, ik - Aik) - 

-t W(i, - Ai3,ik - Aik)] / (4AiJAik)  (13) 

Using the above expressions in conjunction with the developed two- 
dimensional finite element model, the self inductances Ljj and the mu- 

. tual inductances Ljk were determined. The calculations were carried 
out by stepping the rotor in 2 O  mechanical increments and performing 
a nonlinear magnetic field solution. The application of this method 
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the inductance values. The Fourier series type representation of the 
inductances at no load and 1.0 per unit (P.u.) load are given in the 
Appendix, 

resulted in numerical values for the i f  and mutual inductances versus 
rotor position. The predicted profile of the stator phase (a) selfinduc- 
tance, La,, under no load condition is shown in Figure (5) together 
with the corresponding measured values. Meanwhile, the predicted 
stator phase to phase mutual inductance, Lab, is shown in Figure (6) 
together with the corresponding measured values at no load condition. 
It should be noted that the calculated mutual inductance values are 
slightly lower in magnitude than the measured inductance values due 
to the fact that the end windings are not taken into account in the 
two-dimensional finite element analysis used in this work. The p r e  
files for the self inductances LM and L,, are not shown since they 
are identical to the profile of Figure (5) with the proper phase shift. 
Also, the profiles for the rest of the mutual inductances are similar to 
that of Figure (6) except for the phase shift. An inspection of these 
profiles in Figures (5) and (6) reveals the good agreement between the 
predicted and measured values of the inductances. Accordingly, it is 
demonstrated that the computed values of the SRM self and mutual 
inductances are valid numbers. 

Next, in order to  use the calculated inductanees in the state model 
of equation (4), the self and mutual inductances were represented by 
Fourier series type expressions of the form: 

NH 
L j k  = CO + E[% c a ( d  - 4)] (14) 

n=l 

where eo is the dc value of the inductance, e, is the magnitude of the 
dh harmonic, 4 is the phase shift, and N A  is the limit of the harmonic 
order. The approach was repeated for a load case which resulted in 
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SYSTEM DYNAMIC PERFORMANCE PREDICTION 
AND EXPERIMENTAL VERIFICATION 

In this section, the results of using the state space model of equa- 
tions (4) and (9), in conjunction with the computed values of the 
inductances to predict the dynamic performance of the SRM drive sys- 
tem are presented. It should be emphasized that the effects of space 
harmonics and magnetic nonlinearities were accounted for in the self 
and mutual inductances using the approach described above. Further- 
more, the results of the inclusion or exclusion of the machine winding 
mutual inductances on the analysis are presented. In addition, the 
simulated (predicted) performance characteristics are compared to ex- 
perimental data for verification. The analysis was performed for two 
load conditions and the results are given below. 

No Load Case: 

A steady state analysis was performed using the state space model 
of equations (4) and (9). The no load self and mutual inductance ex- 
pressions given in the Appendix were used and the switching sequence 
shown in Figure (4) was implemented to  control the transistors for each 
phase. Based on this approach, the SRM drive system performance 
characteristics were determined for the no load steady state operat- 
ing condition. The predicted current and torque profiles are given by 
the solid lines in Figures (7) and (8), respectively. In addition, the 
measured phase (a) current is shown in Figure (9). Furthermore, the 

A 

f s 

Time (5) 

Figure (6): Self Inductance La. Figure (7): ~Simukted Phase (a) Current at No Load 

0 1 

Rotor Position (Des.) . Time (5) 

Figure (6): Mutual Inductance Lab Figure (8): Developed Torque at No Load 
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Figure (9): Measured Phase (a) Current at No Load 

NAu&li 

values of current, torque, and speed as obtained from simulations and 
measurements at no load condition are given in Table (1) for compar- 
ison purposes. 

An inspection of Figures (7) and (9) and the values in Table (1) 
reveals the good agreement between the simulated and measured re- 
sults. As can be seen in Table (l), the & component of the stator 
phase (a) current has a value of 0.150 A as obtained from simulation 
in comparison to 0.153 A as was found from measurements. In addi- 
tion, the rma value of the phase (a) current was predicted at 0.180 A 
in comparison to 0.175 A as found from measurements. Finally, the 
average speed was determined at 523.7 rad/s from simulations while 
it was measured at 523.6 rad/s. Also, it must be noted that the mea- 
sured values for the torque ueed to overcome friction and windage are 
not available (N/A) for the no load condition. 

Next, the effects of neglecting the machine winding mutual induc- 
tances, from the state space model, on the SRM dive system predicted 
performance characteristics, are presented. The analysis was repeated 
and the mutual inductances were excluded from the state space model. 
This again resulted in the SRM drive system performance character- 
istics. The simulated current and torque waveforms are shown by the 
dashed lines in Figures (7) an (8), respectively. As can be seen from 
these results, the mutual inductances have a slight effect on the steady 
state analysis results. 

1.0 Per Unit Load Case: 

Next, a steady state analysis was performed at full load at 2500 
r/min. This resulted in the steady state performance characteristic 
for the SRM drive system. The simulated steady state current and 
torque profiles are shown by the solid lines in Figures (10) and (ll), 
respectively. In addition, the measured phase (a) current is shown in 
Figure (12) for this load condition. A comparison of the dc and rms 
current, average torque, and average speed values as obtained from 
simulations and measurements is given in Table (2). 

I No Load Operating Condition 1 

. _ -  - - - - _ _  mble 1: Comparison of Simulated and "est Data at No 
Load 

0.sa1 . .  . . . . . . .  . . . . .  . . . . .  
. . . . .  . . . . .  . .  . . .  . .  . . .  . . . .  
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Figure (11): Developed Torque at 1 P.U. Load 

/Vertical: 0.626 A/divisiont I 1 1 i 

2.00 BS/dlV 

Figure (12): Measured Phase (a) Current at 1 P.U. Load 

1 P.U. Load Operating Condition 
I I Simulated I Measured 1 

fu(dc)A 1 0.969 1 1.080 
I,ftms)A I 1.220 I 1.170 
T;rque'(Avg.) Nm j 0.253 j 0.217 
Speed (AVE.) rad/s I 261.8 I 261.8 

Table 2: Comparison of Simulated and Test Data at 1 P.U. 
Load 



41 

An inspection of Figures (10) and (12) and the numerical values 
in Table (2) reveals the good agreement between the simulated and 
measured results. As can be seen in Table (2) the de component of 
the stator phase (a) current has a value of 0.969 A as obtained from 
sibdation in comparison to 1.08 A as was found from measurements. 
In addition, the rms value of the phase (a) current was found at 1.22 
A in comparison to 1.17 A as found from measurements, and the av- 
erage speed waa determined to be 261.8 rad/s from simulations while, 
it was also measured to be 261.8 rad/s. Finally, the computed av- 
erage value of the developed torque was found at 0.253 Nm and 
measured at 0.217 Nm. The discrepancy between the simulated and 
measured torque values in Table (2) can be attributed to the fact that 
the measured value for the torque reflects the value of the applied 
load (hysteresis brake) only. In other words, the measured value in 
Table (2) represents the applied load torque and does not include the 
torque needed to  overcome friction and windage in the SRM, while the 
computed value accounts for both. 

Again, in order to  study the effects of the machine winding mutual 
inductances on the model, the analysis was repeated neglecting the 
mutual inductances from the state space model. This  resulted in the 
SRM drive system performance characteristics. The simulated current 
and torque waveforms for this case are shown by the dashed lines in 
Figures (10) and (ll), respectively. Similar to  the no load case, it 
can be stated that the mutual inductances have a slight effect on the 
steady state analysis reeultn. This can be explained by noting that the 
magnetic coupling between the stator phasee ie usually minimal in this 
class of machines. In addition, in the case of the SRM drive system 
considered in this work, only one phase of the SRM is ‘on’ at any one 
time, see Figure (4), and relatively low current levels flow in the phase 
during the regeneration period following the instant a phase is turned 
off. The effects of accounting for mutual inductances in the analysis 
model on the simulation results are further examined in a companion 
paper [14]. In the companion paper, the modeling approach presented 
here is extended to  study the SRM drive system performance under 
internal and external fault conditions. In such cases, the SRM self 
and mutual inductance values are updated during the fault condition 
using an iterative approach. Furthermore, the simulation results are 
compared to  experimental data for verification. 

CONCLUSION 

A computer aided method for the prediction of the dynamic per- 
formance characteristics of switched reluctance motor drive systems 
under normal operating conditions was presented. The method is gen- 
eral in nature and is based on the use of state space models, in the 
time domain. The machine parameters were determined from series of 
nonlinear magnetic field solutions. Accordingly, the effects of material 
nonlinearities and space harmonics were accounted for in the devel- 
oped models. This modeling approach was applied to a 6/4,0.15 hp, 
5OOO r/min switched reluctance motor and resulted in the machine in- 
ductances which compared favorably to  measured data. firth“, 
the SRM drive system dynamic performance was predicted at no load 
and load cases under normal operating conditions and verified by com- 
parison to measured values. In addition, the effects of mutual coupling 

’ between motor phases were evaluated and it was demonstrated that 
the exclusion of the mutual inductances have a slight effect on the 
analysis results under normal operating conditions for this cl= of 
machines. 

Appendix 

The Fourier expression coefficients at no load condition are given 
as fdows: 

Table A.1 .: Fourier Series Coefficients for L,, at No Load Condition 

Table A.2: Fourier Series Coefficients for Lob at No Load Condition 

The Fourier expression coefficients at 1.0 p.u. load condition are 
given as follows: 

Table A.3: Fourier Series Coefficients for L,, at 1.0 P.U. Load 
Condition 

I 

Table A.4: Fourier Series Coefficients for L,b at 1.0 P.U. Load 
Condition 
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Discussion 

Nabeel A. 0. Demerdash, Clarkson University, Potsdam, New 
York The authors are to be commended on a thorough and 
complete paper on the modeling of switched reluctance motor 
drives. Would the authors explain the reasons as to why a choice 
was made to resort to the currents as the state variables, and 
consequently the incremental inductances as the machine pa- 
rameters? rather than the flux linkages as the state variables, 
and consequently the apparent inductances as the machine 
parameters [l, 21. This latter method and formulation has been 
shown to be quite effective in simulating machine systems with 
substantial degrees of magnetic circuit saturation. Also, would 
the authors shed some light on typical flux densities under load 
and no-load? Perhaps the authors can show some typical flux 
plots including flux density magnitudes under the simulated 
conditions. 
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A.A. Arkadan and B.W. Kielgas: These authors wish to  ex- 
press their thanks to  Dr. Demerdash for his useful comments and 
interesting questions included in his discussion. In response to  his 
question on why currents rather than flux linkages were used as state 
variables, the authors offer the following. In general, for a machine 
system of n windings, the machine windings terminal voltages and 
currents are related to the Ohmic resistances and flux linkages as fol- 
lows: 

the external circuit equations in terms of flux linkages. This can be 
easily performed when the external circuits do not include switching 
electronics as in the case of systems given in references [1,2] of Dr. 
Demerdash's discussion. However, when the external circuits include 
switching electronics, as in our case, a disadvantage for using flux link- 
ages as state variables is that certain circuit analysis techniques such 
as those discussed in references (11 and [2] below have to  be modified. 
In addition, it should be emphasized that the use of currents as state 
variables and consequently the incremental inductances as parameters 
was verified to be effective in simulating machines with high degrees 
of magnetic circuit saturation as was demonstrated earlier (31. As in 
the case of the SRM under consideration, the flux plots at no-load 
and load conditions are given in Figures (1) and (2), respectively. It 
should be noted that the same magnetic vector potential increments 
wdre used in determining the lines of equal potentials (flux contours) 
for both load conditions. An inspection of both figures reveals the 
effects of loading and saturation. These effects are clearly evident in 
Figure (2) as can be seen by the flux leakage contours. 

Figure(1): Machine Cross-Section Flux Plot at No-Load 

(1) 
d Y = l U + ; i z A  

Moreover, the flux linkages are usually related to the winding currents 
in two ways. The first is based on using apparent inductances and 
the second is based on the use of incremental inductances. Using the 
apparent inductances with equation (1 )  results in a state space m o d i  
with flux linkages as state variables: 

(2) 
d -A= -L(LaPP)-'8 + Y dt 

Meanwhile, using the incremental inductances results in a state space 
model with currents as state variable: 

dI dt = -(LinC)-'&I+ (L'"')-'(y - E) (3) 

As can be noted from both state space models given by equations 
(2) and (3), the coupling of the motor model to the external circuit 
model is done by expressing the winding voltages Y in terms of the 
external circuit parameters. This can be easily done when currents are 
used as state variables. In such case, the windings terminal voltages 
are expressed function of the external circuit currents. Meanwhile, if 
one opts to use flux linkages as state variables, one needs to express 

Figure(2): Machine Cross-Section Flux Plot at 1.0 Feu. 
Load 
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