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ABSTRACT

A method for modeling electronically commutated inverter
fed induction motor systems is presented. The machine equiv-
alent network model was derived from the application of Park’s
dq0 transformation to the differential equations governing the dy-
namics of the induction motor. The method resulted in an equiv-
alent system network model which is compatible with most com-
rmonly known network analysis software packages. The method
was used in the simulation of the dynamic steady state perfor-
mance of a 204 V, 3 phase, 60 Hz, 1/3 hp, 4 pole induction
motor-inverter system. The system was tested in the laboratory,
under various load conditions. A comparison between the sim-
ulated and test results revealed a good agreement between the
two sets of data. Furthermore, the model was used in the evalua-
tion of the effects of 180° and 120° electrical inverter conduction
periods on the performance of such inverter-machine system.

INTRODUCTION

Models for the analysis and prediction of the performance
of rotating electric machinery interfaced with electronic power
conditioning systems can be found throughout the recent liter-
ature. A sample of such work is references [1] through [4]. In
such machine systems which include ac as well as dc conven-
*tional rotating machines, switching is continuously taking place
in the external power conditioning components connected to the
machine. Furthermore, the corresponding network topologies of
these systems are undergoing continuous and cyclical changes.
The continuous switching of the associated conditioning compo-
nents results in time harmonics in the current and voltage wave-
forms. This means that these current and voltage waveforms
are not of a sinusoidal or simple rectangular nature. Accord-
ingly, the modeling method should account for these harmonics
resulting from the continuous topological changes in the system
equivalent network model. Application of steady state and fre-
quency domain network analysis methods or dc circuit analysis
methods will often lead to misleading results. Accordingly, one
should use the differential equations governing the dynamics of
such systems. In previous investigations such as those of refer-
ences {1,2], the machine system network models were tailored to
fit specific applications. However, in reference [3], a more gen-
eral network analysis approach was presented and was applied to
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electronically commutated hrushless dc motors, and in reference
(4], a generic-type network modeling approach was applied to a
synchronous generator feeding rectified loads.

In this work, a model for the analysis of the dynamic steady
state performance of electronically commutated inverter fed in-
duction motor systems is presented. Implementation of the so-
lution of the network model was carried out using a standard

‘software package for network analysis, SPICE, version 2G.6 (5].

The machine network model was derived from the application of
the dq0 Park’s transformation to the differential equations gov-
erning the dynamics of the induction motor. Steps of the model
development are given in the paper. The validity of the devel-
oped model was confirmed by applying it to the simulation of the
steady state performance of a practical example. A comparison
between the numerical solutions and corresponding experimental
data at different load conditions on the same system is given in
the paper.

MACHINE SYSTEM NETWORK MODEL

A schematic of the inverter fed induction motor system is
given in Figure (1). The idealized induction motor is represented
schematically by the coils shown in Figure (2). Here, the sta-
tor three phases are represented by the coils (A), (B), and (C),
and the rotor phases are represented by the coils (a), (b), and
(c). The three stator phase windings, as well as the three rotor
phase windings of the machine are assumed to be sinusoidally
distributed. That is, each winding produces a sinusoidally dis-
tributed mmf in the air gap. The angular position of the rotor,
0, is defined as the angle between the A-axis of the stator and
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Figure (1): SCHEMATIC OF INVERTER-FED INDUCTION
MOTOR SYSTEM
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Figure (2): SCHEMATIC OF THE INDUCTION MOTOR
WINDINGS
the a-axis of the rotor at any instant of time. The differential
equations governing the dynamics of the induction motor in the
abc frame of reference are as follows :
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g 0 rg 0|0 0 0 in
ve | |0 0 rclo 0 0 |]ic
w | [0 0 0 |rm 0 0 ||
v 0 0 0 |0 r O iy
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where w, = & is the instantaneous rotor speed in electrical rad/s,
and is related to the synchronous speed w,, which is also in elec-
trical rad/s, and to the per unit slip s as follows:

Wy = (1 - ")w' (2)

In equation (1), two similar subscripts of the letter L denote a
self inductance of a winding, and two different subscripts denote a
mutual inductance between two windings. Furthermore, the first
right hand term of equation (1) represents the ohmic voltage
drop in the machine windings, the second term represents the
transformer voltage components, and the last term represents
the rotational voltage components.

For an idealized conventional induction machine, because of
the cylindrical nature of the rotor geometry, the flux paths for the
three phase windings of the stator are identical and independent
of the rotor position. Accordingly, the self and mutual induc-
tances of the stator are equal and independent of rotor position.
That is, one can write the following [6]:

Laa=Lpp=Lecc =L, (3)

Lap=Lpc=1Lca=Lm (4)
A similar reasoning can be applied to rotor self and mutual in-
ductances, which accordingly can be expressed as follows:

Log = Ly = Lec = Ly (5)
Loy = Loe = Lea = Lem (6)

Also, since we are dealing with a three phase balanced machine,
the rotor and stator resistances are as follows:

TA=TB=TCc =T (7)
Ta=Th=Tc=Tp (8)
In the case of the mutual inductances between the stator and
rotor windings, these mutual inductances are functions of the
angular position, o, of the rotor windings with respect to the

stator windings. Therefore, these mutual inductances can be
expressed as follows [6]:

Laa = Lgy=Lec = Lyrmeos(o) 9)
Lay=Lpe=Lca = L,",.CO&(U + 27"/3) (10)
Lgc = Lpa = Ley = Lyrmeos(o + 47 /3) (11)

In order to eliminate the dependence of the inductances in
equations (9) through (11), on the rotor angle, o, the practice
of transformation to a dq0 frame of reference is widely accepted
by machine analysts and designers, and can be found throughout
the literature.This transformation approach is adopted here, and
a frame of reference fixed to the rotor is used [6-8).

TRANSFORMATION OF abc MODEL TO dq0
FRAME OF REFERENCE

The differential equations governing the dynamics of the in-
duction motor in the abc frame of reference, equation (1), can be
expressed in compact matrix form as follows:

Vabe | _ | R | 0 L,pc 4
Vebe 0 |R,. Lope
Ly |Le | 4| Lipc d | L, |Le LaBc
[ Ltnr | Q,., ] dt [ bec +w,£ Lir ' ér-:- L;bc (12)

where the superscript t denotes a transpose of a matrix.

In order to get rid of the dependence of the various inductance
terms in equation (1), the Park’s dq0 transformation with a frame
of reference fixed to the rotor was adopted [6-8], such that:

Ipgo=T,-Iupc 5 Lapc=T;" Ipgo (13)
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Vooo=T, YVapc 3 Yasc=T;" Vpoo (14)
L!qn =T, Ly H L = I:l : ldqv (15)
Vi =T Vape ; Vae =I5 Vago (16)
where
cos(oc) cos(oc—-27/3) cos(oc —4n/3)
T,=2/3| —sin(o) -—sin(oc —27/3) —sin(o — 4r/3)
1/2 1/2 1/2
(17)
and
1 -1/2 ~1/2
T,=2/3] 0 +3/2 -V3/2 (18)
12 1/2  1/2

Applying this transformation to equation (1) yields the fol-
lowing state equations which govern the dynamics of the induc-
tion motor in the dq0 frame of reference:

Vpgo | _ [Re]| 0 Ipge
quo Q l Eﬂ' ldqo
Ly|L, | d [ Ipgo Ly|Ls Lpgo
+ - + wr 2 19
[ .Qz rL:’ dt Liqo “ Q ' 0 L{qo ( )
where
[ (Lu - Ln-n) 0 0
Ll = 0 (Lu - Lam) 0 3
i 0 0 (Les + 2L ,m)
[ 1.5L,em 0 0
Ly = 0 15L,. 0],
| o o 0
f (er - er) 0 0
L& = 0 (er - er) 0 N
L 0 0 (Ler + 2Lppm)
0 —(Lss = Lywm) O
Ls=] (Lss —~ Lom) 0 0 |,and
i 0 0 0
0 —1.5Lym O
[15 = 1-5Lnrm 0 0
0 0 0
Here,
e Ipgo is the array of the direct, quadrature, and zero se-

quence components of the current in the stator,

VY pqo is the array of the direct, quadrature, and zero se-
quence components of the voltage at the stator terminals,

Ly is the array of the direct, quadrature, and zero se-
quence components of the current in the rotor,

® V.o is the array of the direct, quadrature, and zero se-
quence components of the voltage at the rotor terminals,

L,, is the stator self inductance per phase in H,
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® L, is the mutual inductance between two stator phases in
H,

® L,.m is the mutunal inductance between a stator phase and
a rotor phase in H,

L,, is the rotor self inductance per phase in H,

L., is the mutual inductance between two rotor phases in
H,

e 7, is the stator phase resistance in {2, and

o 7, is the rotor phase resistance in Q.

The relationships between these inductances and resistances
and those obtained from no-load and blocked rotor tests on an
induction machine can be found in references [8-10]. Further-
more, the developed electromagnetic torque can be obtained for
a three phase machine from dq0 quantities as follows [10]:

9
Tem = gPL,,m(iqid —ipiq) (20)

where P is the number of poles.

For balanced steady state conditions, the zero sequence volt-
ages and currents are zero. Accordingly, the equivalent network
representation of the state model given by equation (19) is given
by Figure (3). The resistances, self and mutual inductances, and
the independent voltage sources in Figure (3) are self explana-
tory. The current controlled voltage sources are the diamond
shaped elements and are expressed as follows:

filiQ) = wr(Les — Lom)iq (21)
falig) = 15w, Lyemiy (22)
falip) = —we(Lss — Lam)iD (23)
fa(ia) = ~1.5w, Lyrmia (24)

r, fi(iQ) fa(7g) BLurm r

Figure (3): INDUCTION MOTOR dq EQUIVALENT NET-
WORK MODEL
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Writing the loop equations for the equivalent network of Fig-
ure(3), one would obtain a set of equations which are identical
to the state model of equation (1) after adding the zero sequence
equations. Again, for balanced steady state conditions the zero
sequence currents and voltages are zero. Hence, the network
model of Figure (3} is a full representation of the machine’s state
model of equation (19). The dynamics of this network are iden-
tical to the dynamics of the induction machine, subject to the
external constraints and initial load conditions. The external
constraints are stemming from the states of the external power
conditioning components (inverter) connected to the machine ter-
minals.

The inverter currents and voltages are in’ the physical abc
frame of reference rather than the non-physical dq0 frame of ref-
erence. Therefore a way must be found to link the induction
machine equivalent network model developed above, Figure (3),
to the actual inverter network. The linking of the dq network
model of the induction machine to the abc inverter network is
given below.

Consider the induction machine stator currents ip, and ig,
shown in Figure (3). These currents can be expressed in terms
of the inverter currents, i4, ig, and ic, as follows:

ip = ;[iAcoa(w,t)+iscoa(w,t—21r/3)+ic€03(wrt~47r/3)] (25)

ig = —%[iAain(w,t) + igsin(w.t — 21/3) + icsin(w,t — 47 /3)]
(26)
Furthermore, the inverter terminal voltages v4, vg, and vc can
be expressed in terms of the machine terminal voltages vp and
vg, shown in Figure (3), as follows:

v4 = vpcos(wyt) — vosin(wrt) (27)
vp = vpcos(w.t — 27 /3) — vgsin(w,t — 27/3) (28)
ve = vpcos(w,t — 47/3) — vgsin(w,t — 47 /3) (29)

D1 _("':l} D2 D3
Q2

Q3

4
_
INVERTER A\ 4 INDUCTION
MOTOR
NETWORK T ip +
= | ‘s op EQUIVALENT
(abe FRAME - N
ETWORK
vB
OF (dq FRAME
i +
REFERENCE) LT < OF
= " REFERENCE)
§ ) )
I
L = L

Figure (4): CIRCUIT ELEMENTS LINKING THE INDUC-
TION MOTOR dq FRAME CURRENTS AND VOLTAGES TO
THE INVERTER abc FRAME CURRENTS AND VOLTAGES

Accordingly, based on equations (25) through (29), the voltages
va, vB, and vc can be represented as voltage controlled voltage
sources, and the stator currents ip and ig can be represented
as current controlled current sources in a network model. This
resulted in the sought network link between the machine net-
work model in the dq frame of reference and the inverter network
model in the abc frame of reference as shown in Figure (4). As
a result, the induction machine’s equivalent network model, and
the inverter’s network model can be merged together to yield the
global network model shown in Figure (5).

The simulation of the dynamics of this type of network, Fig-
ure (5), can be implemented using the majority of commonly
available network analysis software packages. In this work, the
network analysis software package ‘SPICE’ version 2G.6 [5], was
used in the simulation given in this paper.

T, fl(iQ) fz(iq) T
-~

Voe =

Q4 Q5 Qs
D4 D5 D6

N

Val Vg [V,

iQ

I

Figure (5): EQUIVALENT NETWORK MODEL OF INVERTER- INDUCTION MOTOR SYSTEM
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SYSTEM MODEL APPLICATIONS AND
EXPERIMENTAL VERIFICATION

The inverter-fed-induction-motor system model of Figure (5)
. above, was used to simulate the steady state dynamic perfor-
mance of the 240 V, 3 phase, 60 Hz, 1/3 hp, 4 pole induction
motor-inverter system at different load conditions with an in-
verter conduction period of 180° electrical. The system was phys-
ically set up in the laboratory for test purposes in order to check
the validity of the simulation results versus actual performance
results. The inverter fed induction motor system test setup and
instrumentations are shown in Figure (6). The system was oper-
ated and tested at two load conditions. These load conditions are
given in Table (1). The two load conditions were also simulated
using SPICE and the system global network model of Figure (5).
The system performance results under these load conditions as
obtained from the experimental setup and the simulation model
are compared next in the paper.

Simulation and Experimental Results of Test Run # 1:

A summary of test and simulated values of the inverter fed
induction motor system phase current, line-to-line voltage, and
torque is given in Table (2) for the conditions of test #1, see
Table (1). It is obvious from these results that the simulated
voltage, current, and torque values are in very good agreement
with the test results.

For this test condition, the oscillogram of the stator phase
current is given in Figure (7), while the corresponding computer
simulated waveform (CSWF) of this current is given in Figure
(8). Meanwhile, the oscillogram and the CSWF of the stator
line to line terminal voltage are given in Figures (9) and (10)
respectively. A comparison between both oscillograms and their
corresponding CSWFs reveals a very good agreement between
the profiles of the actual currents and voltages and the profiles of
the corresponding simulated ones. The simulated torque profile
is given in Figure (11). Notice that this profile as well as the
other torque profiles given in this paper contain an initial tran-
sient. This is due to the nature of SPICE and due to fact that
the dynamic equation of motion is not included in the model.
Hence the early part of a torque profile given in this paper has
no physical significance. However, one is interested in the steady
state behavior of the torque, as mentioned earlier, and that is
displayed accurately in the later part of a profile. The average
of the steady state part of the simulated torque profile given in
Figure (11) was found to be 0.7 N.m., and is in good agreement
with the measured value of 0.66 N.m.. see Table (2).

Test No. | Frequency of Inverter | Rotor Speed | Vpc
Hz r/min Volts

[ # 60 1750 188.5
#2 60 1730 188.5

Table 1: INVERTER-MOTOR SYSTEM TEST CONDITIONS

@antity

ﬁétual—[ Predicted j

[ Phase Current (Amps Peak) 1.7 1.6
Line to Line Voltage (Volts Peak) | 185.0 188.5
Torque (N-m Average) 0.66 0.7

Table 2: COMPARISON BETWEEN ACTUAL AND SIMU-
LATED RESULTS (TEST #1)
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Figure (6): INVERTER-INDUCTION MOTOR SYSTEM TEST
SETUP

Figure (7): OSCILLOGRAM OF MACHINE PHASE CURRENT,
TEST #1: ROTOR SPEED=1750 r/min. (Horizontal: 5ms/div.
Vertical 1 A/div.), 1.7 A peak
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Figure (8): CSWF OF MACHINE PHASE CURRENT, TEST
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Figure (9): OSCILLOGRAM OF MACHINE L-L VOLTAGE,
TEST #1: ROTOR SPEED=1750 r/min. (Horizontal: 5ms/div.
Vertical 100 V/div.), 185 V peak
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Figure (10): CSWF OF MACHINE L-L VOLTAGE, TEST #1:
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Figure (11): SIMULATED TORQUE PROFILE, TEST #1: RO-
TOR SPEED=1750 r/min.
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Simulation and Experimental Results of Test Run # 2:

A summary of test and simulated values of the inverter fed
induction motor system phase current, line-to-line voltage, and
torque is given in Table (3) for the conditions of test #2, see Table
(1). Again, it is obvious from these results that the simulated
voltage, current, and torque values are in very good agreement
with the test results.

For this test condition, the oscillogram of the stator phase
current and its corresponding CSWF are given in Figures (12)
and (13) respectively, Meanwhile, the oscillogram and the CSWF
of the stator line to line terminal voltage are given in Figures (14)
and (15) respectively. Again, a comparison between both oscillo-
grams and their corresponding CSWF's reveals a very good agree-
ment between the profiles of the actual currents and voltages and
the profiles of the corresponding simulated ones. The simulated
torque profile is given in Figure (16). The average of the steady
state part of the simulated torque profile was found to be 0.9
N.m., and is in good agreement with the measured value of 0.85
N.m., see Table (3).

Figure (12): OSCILLOGRAM OF MACHINE PHASE CUR-
RENT, TEST #2: ROTOR SPEED=1730 r/min. (Horizontal:
5ms/div. ; Vertical 1 A/div.), 1.8 A peak
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Figure (13): CSWF OF MACHINE PHASE CURRENT, TEST

#1: ROTOR SPEED=1730 r/min.
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Examination of the above simulated and test results for the
induction motor-inverter system for conditions #1 and #2 of
Table (1), demonstrates the validity of this modeling approach.
Therefore, this modeling approach can be used to predict the
performance of other inverter fed induction motor systems of
different ratings. Accordingly, this approach was used to study
effects of varying the inverter conduction period on the torque of
a 15 hp induction motor driven by an inverter of similar circuit

topology.

’ Quantity Actual F Predicted l
Phase Current (Amps Peak) [ 18 1.7
Line to Line Voltage (Volts Peak) | 185.0 188.5
Torque (N-m Average) 0.85 0.9

Table 3: COMPARISON BETWEEN ACTUAL AND SIMU-
LATED RESULTS (TEST #2)

Figure (14): OSCILLOGRAM OF MACHINE L-L VOLTAGE,
TEST #2: ROTOR SPEED=1730 r/min. (Horizontal: 5ms/div.
Vertical 100 V/div.), 185 V peak
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Figure (15): CSWF OF MACHINE L-L VOLTAGE, TEST #1:
ROTOR SPEED=1730 r/min.
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Figure (16): SIMULATED TORQUE PROFILE, TEST #2: RO-
TOR SPEED=1730 r/min.

Use of Model in Studying Effects of Inverter Conduction

Period on Developed Torque:

An important element from the point of view of system perfor-
mance is the permissible conduction period of the six transistors
of the inverter, Figure (1). Although this conduction period can
be fixed to any interval ranging from less than 90° e to 180° e, it
is particularly advantageous to fix the interval of conduction of
the transistors at either 120° e or 180° e [2]. For this reason, the
inverter fed induction motor model presented in this paper, was
used to study the effects of 120° e and 180° e inverter conduction
periods on the developed torque. The switching sequence of the
inverter’s transistors of 120° e and 180° e are given in Figures
(17) and (18), respectively. The simulation for the two conduc-
tion periods was performed on an inverter fed 15 hp, 440 V, 3
phase, 60 Hz, 8 pole, wound rotor induction motor at a rotor
speed of 810 r/min (slip=0.1).

By using the model developed here, it was found that in or-
der for the 15 hp motor to develop a torque of 240 N.m.for the
case of 180° e conduction period and a rotor speed of 810 r/min,
a dc supply of 564 V was required. Meanwhile, for the case of
120° e conduction period and the same rotor speed of 810 r/min,
a dc supply of 651 V was required to develop the same torque.
Although it is the fundamental component of the inverter output
voltage that is primarily responsible for the production of out-
put torque, the harmonics also play a role in the characteristic
of the torque pulsation and hence the overall torque profile. Ac-
cordingly, the inverter output voltage was Fourier analyzed for
the two conduction periods to study the ratio of fundamental to
harmonics. As expected, the ratio of the fundamental to the har-
monics of the inverter terminal voltage was found to be higher
for the 120° e conduction case {10]. This leads one to expect a
smoother torque for the case of the 120° e conduction period.
This was confirmed by the torque pulsations and profiles of the
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two cases. The resulting torque profiles for the 180° e and 120°

" .
e conduction periods are given in Figures (19) and (20), respec- po.00
tively. Examination of the torque ripple for both cases, Table
(4), reveals that the torque ripple is significantly higher for the 200.00
180° e case as compared to the 120° e case, as expected. These @
results further confirm the validity of the developed model. Thus, W
this modeling approach which takes into consideration the time LTJ 0.00 4
harmonics resulting from the continuous switching of the associ- =
ated power conditioning components can be used in predicting — 20000 ]
the performance characteristics such as torque profiles and asso- O i
ciated noise problems which exist in such drive systems. g {
(J -400.00 -
< {
[ Comparison of Torque Ripple ] ~609.00
Conduction | Vp¢ Magnitude of Average
( Case (Volts) | Ripple (N.m.) { Torque (N.m.) ~800.00 T T e e
180° e 564 90.0 240.0 SECONDS
120° e 651 62.5 240.0

Figure (19): INVERTER DEVELOPED TORQUE PROFILE:
Table 4: COMPARISON OF TORQUE RIPPLE FOR 120° e 180° e CONDUCTION PERIOD

AND 120° e
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Figure (17): INVERTER SWITCHING SEQUENCE: 180° e ]
CONDUCTION PERIOD '600.000.601'7 T ‘d,;or' T ‘(‘)éo‘ T 030
SECONDS

, Figure (20): INVERTER DEVELOPED TORQUE PROFILE:
'. 120° e CONDUCTION PERIOD

o —
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. . ' s CONCLUSIONS
ol i L ——
Q4 : . 'v ____:__ A method for modeling electronically commutated inverter
: : H ' P : fed induction motor systems was presented. The method re-
Q5 _ T v v _ sulted in an equivalent network model compatible with most com-
Q6 ‘ E : 2 monly known network analysis software packages. The method
\ H | v j X was implemented in conjunction with SPICE Version 2G.6 net-
. ! 1:;0 ;‘0 3!00 3'60 work analysis software package in a computer program to simu-
60 120

late the performance of a 204 V, 60 Hz, 1/3 hp, 4 pole induction
motor-inverter system. The simulation results were compared
with actual experimental load runs on the same system. The
. good agreement between the simulated and test results given in
CONDUCTION PERIOD this paper confirmed the validity of the model. This modeling

Figure (18): INVERTER SWITCHING SEQUENCE: 120° e
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approach, which takes into consideration the time harmonics re-
sulting from the continuous switching of the power conditioning
components connected to the terminals of the machine, was used
as well in studying effects of inverter conduction periods in the
developed torque of a 440 V, 60 Hz, 15 hp, 8 pole induction
motor-inverter system.

This modeling approach, besides being applicable to inverter
fed induction motor systems, can be applied to other machines-
power-conditioning systems. In future effort, the equation of mo-
tion as well as effects of space harmonics in the emfs and the
machine inductances will be included in the analysis.
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